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In a model in which the usual elementary particles (leptons, quarks, photons, weak bosons,
gluons, and so on) are bound states of truly elementary fermions we present a method for the
calculation of the masses of these bound states. The kinetic energy of this model contains
derivatives of second order so that the four-fermion interaction becomes renormalizable. The
method uses explicit representations for the Hilbert space vectors of bound states.

I. Introduction

The standard SU(3)xSU(2)x U(l1) model
describes the interaction of particles in a way which
is in agreement with present day experiments. In
particular it seems that one of the outstanding pre-
dictions of this model, the W boson, has been found
recently [1]. Nevertheless, there are several reasons
why one would not like to consider this model as
the fundamental theory of elementary particles:

(1) It contains more than twenty arbitrary param-
eters.

(2) There are at least 37 elementary particles which
have different Lorentz properties: scalar bosons,
spin ;—fermions, and vector bosons.

(3) The model does not explain the fact that leptons
and quarks form at least three families which
have identical structure but distinct mass scales.

(4) There is no explanation of the fact that the
electric charges of leptons and quarks obey
simple relations.

At present there exist two ideas how to construct
models which are more satisfactory with respect to
these points. The first idea (called grand unifica-
tion) consists in replacing the gauge group by a
simple group which contains SU (3) x SU (2) x U (1)
as a subgroup [2]. This reduces the number of gauge
coupling constants from three to one. That means
that the number of all arbitrary parameters is only
slightly reduced. Since electric charge is typically a
traceless generator of the simple gauge group the
observed relations between lepton and quark
charges are explained. Thus point (4) is understood.
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To spontaneously break the simple group down to
SUB3)xSU()xU (1) additional scalar bosons
have to be introduced. Therefore there is nearly no
improvement with respect to points (1)—(3). On the
other hand, a new problem (the hierarchy problem)
arises from the fact that these models contain vector
bosons with masses which belong to two widely
different mass scales: 100 GeV and 10'°* GeV. This
huge difference in mass scale can be described at
tree level by fine tuning of the parameters of the
model. It is, however, not stable under renormaliza-
tion [3]. Even if one invokes supersymmetry [4] one
can only achieve that this mass difference becomes
stable but one cannot explain the difference itself.

The second idea assumes that at least some of the
elementary particles in the standard model are not
truly elementary, but are bound states of more
fundamental constituents [5]. Such models could
lead to an improvement with respect to points
(1)-(4). Among the existing models the one
proposed by Harari and Shupe [6] stands out
because of its simplicity. In this model leptons and
quarks are bound states of two basic spin + fermions
called rishons by Harari. Because electrons have
electric charge and neutrinos are neutral one needs
at least two constituents, one with charge and
another one without. Thus in this respect the model
is minimal. It explains point (4) in a very simple
and natural way. The question of the interaction of
the rishons, however, was left open.

Later on, Harari and Seiberg [7] in order to
introduce interaction, supplied rishons with colour
and hypercolour charges. The hypercolour forces
are supposed to bind together rishons into bound
states which are hypercolour neutral: leptons and
quarks. These hypercolour forces become strong so
rapidly with growing distance that leptons and
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quarks are sufficiently small. This model contains
only three coupling constants. On the other hand, it
assumes 18 fundamental fermions of spinj and
17 fundamental vector bosons. So the number of
basic particles is no longer small and they have two
different spins: 7 and 1. Simplicity is lost.

The strong interaction between nucleons can be
described as being mediated by pions, as was
suggested by Yukawa. Gell-Mann [8] described the
strong interactions within the framework of a non-
Abelian gauge theory and the observed vector
mesons served as gauge bosons. Today we know that
not only the nucleons but also the exchanged bosons
are composite particles. In analogy to this one might
speculate that not only the leptons and quarks but
also the vector bosons which mediate their inter-
action, the gluons, the weak bosons, the photon, etc.,
are composites.

In a previous publication [9] two of the present
authors proposed a model which contains only the
two original rishons as basic particles. An im-
mediate difficulty in such an approach is the fact
that already the most simple Lorentz invariant
interaction is a product of four rishon fields and
hence is non-renormalizable if the kinetic part of
the Lagrangian contains only derivatives of first
order. To obtain renormalizability we introduced
derivatives of second order. Field theories with
higher derivatives were considered by Bopp,
Podolski, Pais, and Uhlenbeck, and Wildermuth
[10]). They have recently been advocated by one of
the present authors [11]. Higher derivatives appear
in conformal gravity [12] and conformal supergravity
[13]. Higher derivatives lead to negative-norm states
in Fock space and hence the S-Matrix is not unitary
at tree level. There are, however, possible solutions
to this problem. Lee and Wick [14] have shown that
loop corrections can push the ghost poles off the
real axis into the complex plane. If one then defines
the physical subspace as being spanned by those
eigenvectors of the Hamiltonian which belong to
real eigenvalues, then the S-matrix will be unitary.
In addition to this, non-perturbative effects may
distort the theory in such a way that the S-matrix is
unitary at least in a suitable subspace. This has been
discussed by one of the present authors [15] and will
be further discussed in a forthcoming publication
[16] by the same author. Let us assume for the time
being that this problem can be solved in a satis-
factory way.
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In this model scale invariance of the Lagrangian
is broken only by parameters with dimension of
mass. The four-fermion interaction is required to be
invariant under space inversion P and charge con-
jugation C. P and C invariance is then broken by
terms of dimension 3. Therefore, as has been shown
by Symanzik [17], they induce no counterterms of
dimension 4. Symmetry breaking contributions e.g.
to a four-point function are therefore finite and
hence small for appropriate adjustment of param-
eters. Remarkably all terms of dimension 3 are in-
variant under CP. CP can be broken by terms of
dimension 2. Repeating the above argument we
conclude that we can keep CP violation relatively
small by adjusting parameters. Therefore the model
allows in a natural way to describe the observed
hierarchy of P, C, and C P violation.

There is an additional advantage which a model
with a fermion selfinteraction may have over a non-
abelian gauge theory. Leptons and quarks are very
small ($107'%cm) and therefore due to the un-
certainty principle the kinetic energy of the consti-
tuents is < 100 GeV. Lepton and quark masses are
nearly zero on that scale. To reproduce this fact in
the theory we need a great amount of binding
energy. Non-abelian gauge theories are asymp-
totically free which means that the interaction
becomes small if the interacting particles come close
together. Therefore it is not at all clear whether a
non-abelian gauge theory will provide enough bind-
ing energy and one may be better off with a fermion
selfinteraction which is especially effective if the
particles are close together. There is no such prob-
lem in QCD because the kinetic energy of the
quarks is of the same order of magnitude as the
mass of the nucleon.

In the present publication we want to study this
model in further detail. In Section I we introduce
auxiliary fields and quantize the theory in terms of
these fields in accordance with Poincaré invariance.
In Section III we represent the Hilbert space vectors
by functionals which are constructed from the
vectors and the fields and derive equations for these
functionals starting from the equations of motion
and the commutation relations. These equations
contain derivatives with respect to the space-time
coordinates. For eigenvectors of energy-momentum
we eliminate in Section IV the time derivative with
the help of four-dimensional translation invariance
using a method which has been applied before [18]
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in a quantum mechanical model of field theory. We
obtain a functional Schrodinger equation which
contains the mass of the state and therefore in
principle enables one to calculate masses. Since the
rigorous solution of functional equations is not
possible at the time being we approximate in
Section V the functional in analogy to the New
Tamm-Dancoff method [19] by setting equal to zero
all functions which are generated by the functional
and depend on more than n variables. The physical
idea behind this approach is the assumption that
functions with more than n, variables (n, depending
on the particular bound state under consideration)
describe contributions of constituent-anticonstituent
pairs and that the importance of these contributions
is decreasing with increasing number of pairs. The
resulting approximation scheme is a systematic non-
perturbative calculation procedure for the masses of
bound states. The application of this approximation
scheme to nonrelativistic many-body problems has
been suggested by Bleuler ez al. [20].

If the idea of composite leptons and quarks is
correct it opens a possibility to understand the
lepton and quark mass spectrum. But this hope can
of course only be realized if we are able to calculate
bound state masses. Therefore a systematic non-
perturbative calculation procedure is of utmost
importance. The usual methods are: the bag-model
[21], lattice calculations [22], and the Bethe-Salpeter
equation [23]. The bag model treats constituents
relativistically and is phenomenologically quite
successful. It is, however, not a satisfactory solution
of the problem because it relies on boundary con-
ditions which are introduced ad hoc. Considerable
effort has been invested into lattice calculations and
they produce quite reasonable numbers. These
calculations, however, have been strongly critisized
by Hasenfratz and Montvay [24]. The Bethe-
Salpeter Equation, apart from the fact that it has
solutions with negative norm even in theories in
which no indefinite metric is expected (Nakanishi
[25]), needs perturbative input for the Bethe-
Salpeter kernel. The solution in a sense sums up a
class of Feynman diagrams containing diagrams of
arbitrarily high order in the coupling constant and
therefore obtains bound states. However, by using
perturbative approximations for the kernel one
assumes that the theory is analytic in the coupling
constant and by not summing all Feynman diagrams
one assumes that the omitted ones are not relevant.
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Both assumptions may very well be wrong. There-
fore we think that our approximation scheme
deserves investigation.

At the end of this introduction we want to
mention some related approaches and to point out
the differences. Terazawa and Akama [26] have con-
sidered models in which all elementary particles are
spin+ fermions. They admit only first order
derivatives and therefore have to introduce a cutoff.
Amati and Venziano [27] also start with funda-
mental fermionic fields only. They choose a non-
polynomial interaction so that some symmetries
become local symmetries. The approach of Diirr
[28] (originally due to Heisenberg [29]) again starts
with a basic fermion field. This fermion field, how-
ever, is not directly connected with particles. The
fields which are connected with particles are prod-
ucts of this “urfield”. So to describe e.g. a boson,
Diirr would construct a boson field operator from
the urfield and would try to understand the proper-
ties of the boson from the properties of that boson
field, whereas we would like to think of the boson
as being a bound state of fermionic constituents.

II. The model and its quantization

Our model contains two basic Dirac spinors: T (x)
(carrying 1/3 of the charge of the positron) and
V(x) (neutral). The associated particles are col-
lectively called rishons. The Lagrangian is assumed
to be a sum of a kinetic term and an interaction
term:

S =Skin 1. (21)

For #yi» we take the most general expression which
is hermitean, Lorentz invariant, bilinear in the
fields, contains derivatives up to second order, and
conserves charge and rishon number (=number of
T particles plus number of V particles):

ZLxin=L2+ 1+ 7,
S =0,NFT+(T-V),

s =iMu Ty —=0,T
1+
+iMp Ty* 7’56,,T+(T_>V),
7 = 1_;' )
20 :IMTT 3 ST
5w = LE P
+ud T T4+ (T= P, 2.2)
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where MTt; and My; are real. For _#; we take the
most general four-fermion interaction which is
hermitean, invariant under Lorentz transformations,
P and C, and conserves charge and rishon number:

A=ATTTT+f,Ty, TTy*T
+h Ty, s TTy ys T+ (T = V. fi = g)
+ I\ TTVV+ hyTiysTViypsV
+h3 Ty, TVy*V+ hyTy,psTVy ysV

+hsTo, TV V (2.3)

where the coupling constants are real. The number
of independent coupling constants is somewhat
high. But since we have no convincing reason for
setting some of them equal to zero we prefer to keep
them all at this point.

Since in nature P and C violations are restricted
to weak interactions we will facilitate our calcula-
tions in the beginning by assuming that the

Lagrangian is invariant under P and C. This implies
My =M1y, Myi= My,

2%

ur =pt, pN =ud. (24)

In this case we may write

Zin=T (@ —mn) (@ —m) T+ (T > V)

if (2.5)
Mry=—(mmi+mmn); ut=mrimr;
Myy=—(mvi+my); puy=myimyz. (2.6)

If we set

T for A=1
RA:{V for A=2. (2.7)
and in analogy to this
mr; for A=1,
= lmy,- for 4A=2, (2.8)

then one has
2
Ziin= 2, Ry (id —ma) (i —mp)Rq. (2.9)
A=

Now in order to quantize the model we introduce
auxiliary fields

2
R4i= ;1'_‘[ (i@ —mau)Ry. (2.10)
iy

k=*i
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If we define i
Xgi= ,fI] (Mgi— M) (2.11)
k*i
then one has
R,,=22:.\'A,- Ry;. (2.12)

i=1

These auxiliary fields and the decomposition (2.12)
were introduced by Pais and Uhlenbeck [10]. As far
as interactions are concerned they consider only the
usual coupling to the electromagnetic field. They
claim that the Lagrangian, when expressed in terms
of the auxiliary fields, is not equivalent to the
original Lagrangian, i.e. leads to different field
equations, and therefore conclude that the introduc-
tion of the auxiliary fields is of no use. Recently,
one of the present authors [30] arrived indepen-
dently at the decomposition (2.12) and found that a
higher order derivative field equation for a spinor
field with self-interaction (R4 in our present model)
is equivalent to first order equations for the
auxiliary fields. The fact that we have higher order
equations for R4 but first order equations for R; is
of crucial importance in the following.

For convenience we absorb the factor x4; into the
fields by defining

S4i=X4i Rai - (2.13)

When _#y, is expressed in terms of these fields one
finds

2 2
1 —
Siin= 2, 0, — Sai (i® —my) S (2.14)
A=1 i=1 X4i

and for _#] one obtains
2 2 2

2
Z Z VAB:(/)"/& SAiat
1j=1i=1

A=
=1 dom
SBig SakySais (2.15)
where
Vagapys = Fanpyo 048 + Hapys 041 082 (2.16)
and
Frapys=—f1 0x; 06— f2 Vuny Vs
—f3(Pu 75) 2y (7 75) g5 » (2.17)
Faapy6=—g1 0xy Ops— g2 Yuny V5
=93V 7s)ay (7% 75) g6 » (2.18)
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Hypys ==y 0y 0ps— ho(i75)ay (i 75) s
= h3Vuay Y85 — ha(Vu¥5)ay (7 ¥5) g5
(2.19)

The minus sign in (2.17)—(2.19) is due to the fact
that in going from (2.3) to (2.15) we have pushed all
adjoint spinors to the left (we are still at the
classical level and our fields are anticommuting
c-numbers).

We now want to quantize the model. As is well
known, the usual canonical procedure does not work
due to the fact that the Lagrangian is of first order
in time derivatives. In going to the Hamiltonian
formalism one defines momenta conjugate to the
field variables S4;, by

HAiJ( = aj//aa()s,q[;( .

’
— N5 0y 0h5.

(2.20)

This equation is then used to eliminate time
derivatives of the field variables. But since -~ is of
first order in the time derivatives the right-hand
side of (2.20) is independent of Oy S,;,. Hence the
elimination is not possible. One can nevertheless
postulate

UT4ix (1,X), Sqiw (1, X')}

=044 81 Oy O(X—F). 2.21)

But this then needs further justification. Before
giving this, let us consider the consequences of
(2.21). Evaluating (2.20) and inserting into (2.21)
yields

{(S4ia(t, X), Sarx (1, X))}

= X4; 0y Oiy Opyr O(X — X') . (2.22)
From the definition of x4, (2.11), it follows that
either x4 or x, is negative. Hence by taking the
expectation value of (2.22) with respect to an
arbitrary vector of Hilbert space one finds im-
mediately that the Hilbert space contains vectors of
negative norm.

Invariance under translations implies by
Noether’s theorem four conserved quantities

2 2
P,=[d’x (Z > i — S4i 700,84~ o /). (2.23)
A=1 i=1 i

1
X4
In Hilbert space the translations are generated by

four operators P, for which one has

[P,, S4]=—1i0,S4. (2.24)
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Now we require that the commutation relations
together with the equation of motion

(i 7% O — M4; 02p) Saip

= X4i (VaBapr6t+ VBapgxss) Sip Ssis Saky (2.25)

imply P,= P,. One can check by direct calculation
that this is in fact true if the commutation relations

(2.22) are adopted.
From the definition of x, it follows that
X4 =—Xx4. Hence the commutation relations for

the auxiliary fields imply for the original fields

{R4x(1,X), Ry (1,X7) = 0. (2.26)

Due to x4+ x4,=0 the singularities of the two
point Green’s function of the field R4 on the light
cone, which are independent of mass, cancel each
other (in the same way as in the Pauli-Villars
regularization). Hence the singularities of this
Green'’s function are less severe.

III. Representations of states

To simplify our notation we define

( _ SA,'Q((X) for 4=1 5 (3 1)
Wainx (X) = m(x) for A=2, 2
and write

Wainn (X) = wz(X) = y;. (3.2)

We then characterize an arbitrary state a) by the
amplitudes

O Tyy,...y;, a), n=0,1,2,... (3.3)

If we introduce the functional

= 0 . .
T(j.a)=7) ik > O|Tyy,...w a)jy...ji,»
n=0". I...I, (34)

where the j; are generators of an infinite-dimen-
sional Grassmann algebra, then one can regain the
amplitudes (3.3) by functional differentiation:

1 o 1 o TG, a)

——...——T(,a

i 9jr, 19 j=0
=0/ Tyy,...y1la).

and hence the functional 7 (j, a) represents the state
a). There is one remark in order here. The left-
hand side of (3.5) is antisymmetric with respect to

(3.5)
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the indices /;. Hence (3.5) can only be correct if the
amplitudes (3.3) are also antisymmetric. In forming
T(j,a) and differentiating non-antisymmetric parts
of the amplitudes would be lost. Now if the time
labels belonging to two indices /; and I; are differ-
ent then the time ordering guarantees that the
amplitude is antisymmetric with respect to /; and
I;.. On the other hand, if these time labels are equal
then (3.3) 1s not yet defined and we are still free to
define it in such a way that the amplitude becomes
antisymmetric. Let us consider the following ex-
ample: n=95 and t;, > t;,= t;,= t;,> t;,. In this case
we set

T!//[l... Vi, (36)

!//1,( 3 Z SEN (P) Wiy Wiy Vinw | Vi »

where the sum is over all permutations of 2, 3,
and 4.

The functional differentiation 6/Jj; is an operator
in the Grassmann algebra and j; itself can be
considered as an operator. These operators have the
anticommunication relations

o )
] ] il e =0’
Ui Ji) {6/',, 6112]

-
J 15 5}.]2 i, -

Hence there is a Fock space representation of this
Jordan-Wigner algebra characterized by

0
—10)=0.
37 ¥

Therefore we can associate with every element
T (j, a) of the Grassmann algebra a state in this Fock
space

Thay-% -

- (0| Tyn,... wi,|abjs,...j1]0).
Tysoi Iy

The equations of motion (2.25) and the commuta-
tion relations (2.22) now have the form

; Délzz a# sz R m21 Wzl
2

Y. Uzz,2.2,V2,Vz,Vz,, (3.7

7,737,

{wz,(t, X)), wz,(1,X2)} = Az,2,0 (X1 — X2) , (3.8)
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where
D% 2,= Diisxsirs (3.9)
. . vk for A=1,
=5l e /‘ig for 4=2,
Mz, = Myipy = My; (3.10)
U;ji[a) = X4 0pc O4p O2r
o 010015 (Vasapsy + Vaagays) » (3.11)
U’/;flcz) =—X4; 04c O8p O2r 020
3[,?2 <015 (Vagypas+ Vaapyon) » (3.12)
Az.7,= AuinxBirp= O1Ar Xai 048 Oij Vaup s (3.13)

and o is the first Pauli matrix.
If one applies to |T(j,a)) first the functional
derivative
1 0

i 6]z(r) i

and then the differential operator D% 7,0,, then
using the equations of motion (3.7) and the com-
mutation relations (3.8) one finds

azz(‘<) T(j,a)) — mz 5 az.(") \T(,a))
= lDzlz2 Azzzsjza(V) \T(I a)>
+ Uzlzzzaz, 0z, (X) az3 (x) =

" 0z,(x) | T(I, a)).

If we apply to this equation functional differentia-
tion n times (n=20,1,2,...) and put j;=0 after-
wards, then we obtain an infinite set of coupled
equations for the amplitudes (3.3). The first term on
the right-hand side of (3.15) introduces J-functions
into this set of equations. This term can be
eliminated by going over to a second functional

1
'(D(J’ a)>=exp {—Z—Izl:thhlzjlz} ‘T(J’ a)>’ (316)

where
Fr,=

97 (x) (3.14)

Dzlzz

(3.15)

= Fz,7,(x1, x2)
=0/ T (wz,(x1) wz,(x2) |0)

is the propagator of the free theory. From the func-
tional equation (3.15) for |T'(j, @)y one finds for

®(j, a)):
D%,2,0,02,(x) | @ (j, a)) — mz,02,(x) | ® (j. a))
= — Uzlzzz3z4dzq(x)dza(x)dzz(x) ‘ l0)] (j, a)), (318)

(3.17)
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where

dz(x)=0z(x

ZId“anz,(\ X1)jz(x1). (3.19)

Equation (3.18) does not contain any more the
dangerous term Azz jz (x).

IV. Eigenvalue equation and elimination of
time derivatives

Let us now assume that the state «) is an eigen-
state of P,:

P,lay=p,|a). 4.1
Using (2.24) one can then derive:
; §d*x jz(x)i8,02(x) T(j, a)y=p, T, a)). (4.2)

The details of this derivation are contained in [31].
From the definition of '@ (j, @)) and the fact that
F,, 1s a vacuum expectation value it follows that
@ (j. a)) also satisfies

Y [d* jz(x)i0,02(x) ®(.a))=p, D(.a)).
z (4.3)

Now (4.3) for u =0 and (3.18) are both linear in the
time derivative and therefore this derivative can be

P09z, 7,(%1, %) =D Iarp (fr'f'/m-,-

i]A

A Q I
B A
bd

-y > OZZAF11Fﬂ(’rF/1’Q

i=1 Ali/;"z :4

+ 2 (7

V1V2V3 Vs

—0z,) T,

Y1V2V3 Vs

a m

Y1VaV3Vs
(¥2¥3¥4)

- Z (0711_071\)Tl1\2'1‘4 Z

(v2y3¥4)

eliminated. One obtains:

po P(j.a))
= > [d%jz(x)i D%7,(D% 2,0, —mz07,2)
77:75
“0z7,(x) @(j.a))
+ 2 [d%jz(2)iD%2 Uzz,2,2, dz,(x)
277277
“dz,(x)dz,(x) @ (j.a)). (4.4)
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This is a functional eigenvalue equation which we
cannot solve. We give in the next section an
approximation scheme which reduces the problem
to the solution of equations which are of the same
type as the non-relativistic Schrodinger equation.

V. Calculation of the Rishon-Antirishon Bound State

The functional @ (j, @) can be written in the
following way:

®(j.a))= Z Z o Ay JneJn 0.

—o n!y,

(5.1)

If |a) is a rishon-antirishon bound state then due to
the conservation of the rishonnumber terms with
odd n are missing. If we insert (5.1) into (4.4) we
obtain an infinite set of coupled equations for the
@1, 1,- Since we are not able to solve this infinite
set of equations we approximate @ (J, a) by
D(j.a)y=—5% Z Ont, JnJjn | 0).

1 2

(5.2)

The physical idea of this approximation has been
described in the introduction. Instead of inserting
(5.2) into (4.4) we can apply 0z, (X,) 0z,(%2) to both
sides of (4.4) and then put j = 0. The approximation
(5.2) then consists in setting ¢;, ;=0 for n > 2.
One obtains

= r”AiI'/)’Q;:) (/)zzA (%2, %))

ox]

7

0z,4 (X1, X2)
i
o

mAiI'/J’Q;)

=)

) Z (p/k(‘TZ \_)
J

k=1 y3ys

M

>[5

¥ 9 & (Eisily (5.3)

jok=1 ¥3)s

(Z F; 7,(%), fz))

i=1 )2

where we have in some places resolved the multi-
index Z into

Z=Adida=iy (5.4)
such that y = A4~ and where
97,2,(X1, X2) = @p1, (5.5)
N vip for A=1,
Tisrp = 0ar e A (5.6)

4% for A=2,

" 4
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Mairpay= Mai Ora Op; (5.7)
— 0
T ttotsts = — Xast O Toar p Vassasas »
Ay AaA3A4 rp A A3, (5 8)
A2 U3 Oy Branzag :

and V on the right-hand side of (5.8) is defined by

Uty 44, = X0, Viy 4y 45 4, - (5.9)
ivizizis A1 424344
M1 A2 4344 o1 %o U3 Oy
A1 %2 A3 Ay

> means the sum over all cyclic per-
(y23y4)

mutations of y,, y3, and ys, i.e.

Finally

Z A,Vz Vays T A}‘z V3V + AYA Y2¥3 + A,Vs Yaya -
(¥2534) (5 10)

Because equations (5.3) do not contain derivatives
with respect to time we set ¢ = 0:

0z, 2,(X1,X2) = 97,2,(0, X1, 0, X2) .
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